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1. Introduction
In this note we study integrals over Higgs branches. They are kahler and hyperkahler
quotients, depending on the amount of supersymmetry in the theory.
Our original motivation was inspired by the works [1] on S-duality and [2] on the
action of affine algebras on the moduli spaces of instantons which have been subsequently
developed in many ways [3][4][5]. In particular, the series of papers [4][6][7] arose out of
attempts to give a field-theoretic interpretation of the results of [2]. Subsequently, string
duality ideas turned out to be more adequate for addressing these questions [8][9] although
in all cases ([4][8][9] and more recently [10]) quantum mechanics on the moduli space of
instantons plays a crucial roˆle.
The four-dimensional version of the WZW theory described in [4] depends on a choice
of a 2-form ω. The path-integral of the gauged WZW4 is related to the four-dimensional
Verlinde number [4]. If we study the theory in the ω → ∞ limit then the Verlinde num-
ber reduces, formally, to the symplectic volume of the moduli space of instantons on a
four-manifold. In some cases this moduli space is a hyperkahler quotient by the ADHM
construction.
If a type IIA 5brane wraps a K3 surface then the resulting string may be identified
with the heterotic string [11][12]. The natural question then arises as to whether one can
wrap IIA 5branes on ALE spaces to produce other types of strings.1 A first objection to
this idea is that the infinite volume of the ALE space leads to an infinite string tension.
However, it is possible that with a regularized version of the volume, e.g., that described
in this paper other well-defined string theories can be obtained from wrapped IIA 5branes.
The natural hyperkahler quotients to study in the context of string duality are Hitchin
spaces. They occur as spaces of collective coordinates, describing the bound states of D2-
branes, wrapping a curve Σ in K3. It is clear that a thorough study of these spaces is
important in various aspects of supersymmetric gauge theories [14][15].
In all cases we define the regularized volumes of these spaces and compute them using
localization techniques. The localization with respect to different symmetries produces
different formulas, thereby establishing curious identities. On this route one may get
certain sum rules for solutions of Bethe Ansatz equations [16][17].
The last motivation stems from the recent studies of the Matrix theory of IIA five-
branes. The Higgs branch of such theory is described by a two dimensional sigma model
1 Such objects have recently appeared in [13].
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with target space being the moduli space of instantons. The volume of target space is a
characteristic of the ground state wave function. The integrals of some cohomology classes
over the moduli space of instantons like those which we present below can be translated
to give explicit results for correlations functions of chiral fields in (2, 0) six dimensional
theories in the light-cone description [10].
The paper is organized as follows. In section 2 we review very briefly the localization
approach and describe the quotients we are going to study. In section 3 we present our
definitions of regularized integrals. Sections 4− 7 are devoted to explicit examples.
2. Quotients and Localization
2.1. Ka¨hler and hyperka¨hler quotients
A kahler manifold X is by definition a complex variety with a hermitian metric g, such
that the corresponding two-form ω(·, ·) = g(I·, ·) is closed. The complex structure I, viewed
as the section of End(TCX) is covarianly closed ∇I = 0, for the Levi-Civita connection
∇. A hyperkahler manifold X has three covariantly constant complex structures I, J,K
which obey quaternionic algebra: I2 = J2 = K2 = IJK = −1 which are such that in any
of the complex structures the manifold X is complex. It follows that ωr = g(I·, ·) is the
Ka¨hler form w.r. t. complex structure I while ωc = g(J ·, ·)+√−1g(K·, ·) is a closed (2, 0)-
form i.e., a holomorphic symplectic structure. See [18] for a detailed introduction to the
subject. Whenever a compact group K acts on a symplectic manifold (X,ω) preserving its
symplectic structure one may attempt to define a reduced space. To this end the existence
of an equivariant moment map µ : X → k∗ is helpful. The latter is defined as follows:
d〈µ, ξ〉 = −ιVξω where ξ ∈ k and Vξ ∈ Vect(X) is the corresponding vector field. In other
words, 〈µ, ξ〉 is the hamiltonian generating the action of ξ. The equivariance condition
means that µ(g · x) = Ad∗gµ(x) for any g ∈ K. The existence of µ is guaranteed in the
situation where X is simply-connected while the equivariance depends on the triviality of
a certain cocycle of the Lie algebra of Hamiltonian vector fields on X .
The symplectic quotient is the space X//G = µ−1(0)/K. In the case where K acts
on kahler manifold preserving both its metric and complex structure the space X//K is
kahler as well. If the group K acts on a hyperkahler manifold preserving all its structures
then the moment map is extended to the hyperkahler moment map: ~µ : X → k∗ ⊗ IR3,
defined by
d〈~µ, ξ〉 = −ιVξ~ω (2.1)
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where ~ω ∈ Ω2(X) ⊗ IR3 is the triplet of symplectic forms g(I·, ·), g(J ·, ·), g(K·, ·). It is a
theorem of [18] that the hyperkahler quotient X////K = ~µ−1(0)/K is itself a hyperkahler
manifold.
In gauge theories with gauge group K, the quotient X/K arises as (a Higgs branch of)
the moduli-space-of-vacua limit of bosonic gauge theory (whenever spontaneous symmetry
breaking takes place), the kahler quotient X//K occurs in the theory with 4 supercharges,
the hyperkahler quotients appear in the theories with 8 supercharges.
One is tempted to define “octonionic quotients” for the purposes of the theories with
sixteen supercharges, but both the notation (8 slashes) and the lack of time make us leave
it for future investigations.
The original space X in gauge theories is often linear. So it is instructive to play
with linear quotients first. The 0 in µ−1(0) can be replaced by the central elements ζ, ~ζ
in g∗, g∗ ⊗ IR3. In gauge theories these are called Fayet-Illiopoulos terms. The quotients
µ−1(ζ)/K and ~µ−1(~ζ)/K will be denoted as M(ζ) and M(~ζ) when this will not lead to
confusion.
2.2. Preliminaries: Hyperkahler representations
Let K be compact group of dimK = k, unitarily represented on a hermitian vector
space V of complex dimension ℓ. K acts via antihermitian matrices TA. In a natural way
V ⊕ V ∗ is hyperkahler and the K-action
δA(z
α;wα) = {(TA)αβzβ ;−wα(TA)αβ} (2.2)
is IH-linear. This motivates the introduction of quaternionic coordinates:
Xα = zα + Jwα =
(
zα w¯α
−wα z¯α
)
δAX
α = (τA)
α
βX
β
(2.3)
where
(τA)
α
β =
(
(TA)
α
β 0
0
[
(TA)
α
β
]∗) (2.4)
On the linear space we have Kahler form and holomorphic symplectic form:
ωr =
i
2
∑
[dzαdz¯α + dwαdw¯
α]
ωc =
∑
dzα ∧ dwα
(2.5)
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We regard exterior derivatives as fermions:
dX ≡ Ψα =
(
ψα χ¯α
−χα ψ¯α
)
(2.6)
We can also define exterior differentials transforming as a triplet under the right action
of SU(2). Together the four derivatives are:
δnX = Ψn
δnX
† = n¯Ψ†
(2.7)
here n is any quaternion. Now let ρ be antihermitian of norm 1, so ρ = u†iσ3u for some
unitary u. Then the holomorphic exterior differentials in the direction ρ are:
∂(ρ) = 12 (d+ δρ)
∂¯(ρ) = 1
2
(d− δρ)
(2.8)
Finally, the (hyper)-kahler potential is
κ = 1
2
TrX†X (2.9)
and satisfies:
∂(ρ)∂¯(ρ)κ = ω(ρ) = −12TrρΨ†Ψ (2.10)
giving the Kahler form associated to the complex structure ρ.
The moment map for the K-action:
d~µA + ι(VA)~ω = 0 (2.11)
is given explicitly by:
X†α(τA)
α
βX
β = 2
(
µrA −µcA
µcA −µrA
)
2µrA = z¯α(TA)
α
βz
β − wα(TA)αβw¯β ∈
√−1IR
µcA = wα(TA)
α
βz
β
(2.12)
We finally construct the hyperkahler quotient. Let ~µ−1(~ζ) = µ−1r (ζ
r)∩µ−1c (ζc) where
~ζA is nonzero only for central generators TA. Then
M(~ζ) = ~µ−1(~ζ)/K (2.13)
is of real dimension 4ℓ − 4 dimK = 4(ℓ − k) = 4m. As complex manifolds we may write
[18]:
M(ζc) = µ−1c (ζc)/KC (2.14)
after deleting the unstable points.
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2.3. Review of CohFT approach and localization
This section is devoted to a review of mathematical and physical realizations of inte-
gration over the quotients in various ( real, complex, quaternionic and octonionic) cases.
Consider a manifold X with an action of a group K. Suppose that submanifold N ⊂ X
is K-invariant and is acted on by K freely. The problem we adress is how to present
the integration over the quotient M = N/K in terms of the one over X . Let xµ denote
the coordinates on X . Their exterior derivatives are denoted as ψµ. Differential forms
a ∈ Ω∗(X) on X are regarded as functions of (x, ψ). Equivariant forms are equivariant
maps:
α : k→ Ω∗(X) (2.15)
of the Lie algebra to the differential forms:
α(Adgφ) = g
∗α(φ) (2.16)
where in the right hand side g represents the action of an element g ∈ K on X and
correspondingly on Ω∗(X). The equivariant derivative
D ≡ d+ ιVφ (2.17)
squares to zero on the space of equivariant forms, which we denote as Ω∗K(X).
The answer to our problem is positive in the important case where the K-invariant
submanifold N is realized as a set of zeroes of a K -equivariant section of a K -equivariant
bundle E → X : N = s−1(0) for s : X → E. In this case it is possible to represent the
integration over M in terms of integrals over X and some auxilliary supermanifolds. See
[19][20][21][22]. Endow E with a K-invariant metric (, ) and let A be the connection which
is compatible with it. One needs a multiplet (χ,H) of “fields” of opposite statistics taking
values in the sections of E. The equivariant derivative D acts as follows:
Dχ =H − ψµAµ · χ
DH =Tφ · χ− ψµAµ ·H − ψµψνFµν · χ
(2.18)
where Tφ represents the action of φ ∈ k on the fibers of E and Fµν is the curvature of A.
One also needs the “projection multiplet” (φ¯, η) with values in k with the action of D as:
Dφ¯ = η,Dη = [φ, φ¯].
In the situation we are in, namely kahler and hyperkahler quotients the bundle E is
the topologically trivial bundle E = X ×g∗ or E = X ×g∗⊗ IR3 respectively. The section
5
s is simply µ− ζ and ~µ− ~ζ respectively. Let gµν be any K-invariant metric on X . Define
a k∗ valued one-form β as follows: β(ξ) = 12g(Vξ, ·) for any ξ ∈ k. In coordinates (x, ψ) it
is simply : β(ξ) = 12gµνψ
µV νξ .
Equivariant cohomology ofX maps to the ordinary cohomology ofM. Indeed, there is
an equivariant inclusion map i : N → X hence the map i∗ : H∗K(X) →֒ H∗K(N) and by the
assumption that the action ofK on N is free we get an isomorphism I : H∗K(N) ≈ H∗(M).
The cohomology classes of M among others contain the characteristic classes of the K
bundle N → M which are in one-to-one correspondence with the invariant polynomials
P (φ) on k. These correspond to the equivariant forms P (φ) ∈ Ω0(X). So let us compute
the integrals over M of the cohomology classes which are in the image of the map I ◦ i∗.
Let α1, . . . , αl be the representatives of the classes in H
∗
K(X), so that αp(φ) ∈ Ω∗(X). Let
Θp = I ◦ i∗αp. Putting all things together we may represent the integrals of such classes
over M as:∫
N/K
Θ1 ∧ . . . ∧Θl =
∫
X
DχDHDxDψDφDφ¯Dη
Vol(K)
eiD(χ·s+β(φ¯))α1(φ) ∧ . . . ∧ αl(φ) (2.19)
In case where X is a symplectic manifold then the form α = ω + 〈µ, φ〉 ∈ Ω∗K(X) is
equivariantly closed and gives rise to a symplectic form ̟ on the reduced space X//K.
Similarly, in the hyperkahler case the triplet of equivariantly closed forms ~α = ~ω + 〈~µ, φ〉
produce a triplet of kahler forms ~̟ on the quotient X////K.
So the symplectic volume of the quotient is2∫
X//K
e̟ =
∫
k
Dφ
Vol(K)
∫
k⊕Πk⊕k⊕Πk
DχDHDηDφ¯
∫
X
eω+i〈µ,φ〉ei〈H,µ〉+i〈χ,dµ〉−D(β(φ¯))
(2.20)
The specifics of this case is the fact that the auxilliary fields η, χ,H, φ¯ come in a quartet
and sometimes can be integrated out by introducing the D-exact term
eitD(〈χ,φ¯〉)
into the exponent. In the limit t → ∞ this term dominates over D (〈χ, µ〉 − β(φ¯)) and
allows to get rid of the auxilliary multiplet with the result:∫
X//K
e̟Θ1 . . .Θl ∼
∫
k
Dφ
Vol(K)
∫
X
eω+i〈µ,φ〉α1(φ) ∧ . . . ∧ αl(φ) (2.21)
2 For later convenience we put an i in front of φ - a kind of Wick rotation
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where now the integral over φ should be understood as the contour one and the choice
of contour is the subtle memory of the eliminated quartet. See [21][23] for a thorough
discussion of these matters.
Another instance where auxilliary fields come in quartets is in hyperkahler reduction.
Indeed, the multiplets (η, φ¯)⊕ (χ,H) take values in k ⊕ k ⊗ IR3 which makes possible to
introduce the “mass term” of the form:
eit1D(〈χ
r,φ¯〉)+it2D(〈χ
c,H¯c〉+〈χ¯c,Hc〉), t1, t2 →∞
By taking t1 →∞ and integrating out Hc first we arrive at the analogue of (2.21):∫
X////K
e̟
r
Θ1 ∧ . . .Θl =∫
k
Dφ
Vol(K)
∫ D2χc
tk2
∫
X
e
ω+〈µ,φ〉−
|µc|2
t2
+〈χ¯c,dµc〉+〈χc,dµ¯c〉+〈φ,[χ¯c,χc]〉
α1(φ) ∧ . . . ∧ αl(φ)
(2.22)
Had we naively integrated out χc by dropping the 〈χc, dµ¯c〉 term we would get an extra
determinant Det(adφ) which vanishes due to the zero modes of ad(φ). In fact the mass
term does not allow to eliminate the whole of χc, χ¯c etc. but rather only its k/t part,
where t is the Lie algebra of the maximal torus, corresponding to φ3. So we conclude
that the resulting integral without the octet of auxilliary fields may be ill-defined. In
fact, it might have been ill-defined from the very begining. We haven’t discussed so far
the issue of compactness of the quotient space. As soon as it is compact we expect the
manipulations we performed to be reasonable and leading to the correct answer. But what
if it is not? We shall discuss it in the next section but here let us proceed assuming that
the non-compactness can be cured in the D-invariant manner.
In this case the other side of the story is the possibility to express the integrals
(2.19)(2.20) in terms of the fixed points of K action on X . This feature comes about due
to the presence of the term D(gµνψ
µV ν
φ¯
) = g(Vφ, Vφ¯) + . . . in the exponential which we
can scale up by any amount we wish due to its D-exactness. Therefore the integrand is
peaked near the zeroes of V and can be evaluated using semi-classical approximation in
the directions transverse to the fixed loci. We present the resulting formulae below.
3 There is also a subtlety in rotating φ to the torus but it is irrelevant for us here.
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2.4. Normal form theorems
Here we consider the hyperkahler integral (2.20) and treat it a bit differently. Namely
we integrate out χr, ~H, φ¯, η and get the representation for the measure using (x, ψ, φ, λ ≡
χc) only. This exercise is a good warm-up example yet it is an illustration of the principle
of “killing the quartets.” Consider the setup:
µ−1c (ζ
c) →֒ X = V ⊕ V ∗
↓ p
Mζ
(2.23)
A KC-equivariant tubular neighborhood of the level set will be modeled on a neighborhood
of (µc)−1(ζc)× kC which in turn is modelled on a neighborhood of:
Mζ × T ∗KC (2.24)
Let ̟r, ̟c, ¯̟ c be the three kahler forms onMζ . Then in a KC- equivariant neighborhood
of µ−1c (ζ
c) we have
ωc = p
∗(̟c) +
dimK∑
A=1
d
(〈ΘAc , µcA〉) (2.25)
where ΘAc is a (1, 0) connection form for the holomorphic principal KC bundle µ
−1
c (ζ
c)→
Mζ . We claim:
p∗
[
(̟c ∧ ¯̟ c)m
]
dµHaar(K) =
[
ωc ∧ ω¯c
]ℓ dimK∏
A=1
δ(2)(µcA − ζcA)δ(µrA − ζrA)
∫ k∏
A=1
dλAdλ¯A exp
[
λ¯AλB
(
z¯α{TB, TA}αβzβ + wα{TB , TA}αβw¯β
)] (2.26)
Indeed, the complexified Lie algebra may be decomposed as
kC = k⊗IRC = k⊕ ik
according to the decomposition of KC into K ·H where K is compact and H is from the
coset K\KC. Decompose the measure as[
ωc ∧ ω¯c
]ℓ
= p∗
[
(̟c ∧ ¯̟ c)m
][∏
A
| dµAc |2
∏
A
| dξAc |2
]
(2.27)
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The action of the complex transformations on z, w is
δiAz
α = i(TA)
α
βz
β
δiAz¯α = iz¯β(TA)
β
α
δiAwα = −iwβ(TA)βα
δiAw¯
α = −i(TA)αβw¯β
(2.28)
Evaluating the delta functions we get the ghost determinant:
det
AB
[
∂
∂ξB
µRA(exp(iξ
ATA).(z, w)
]
(2.29)
and using (2.28) to compute the variation of µrA in the nilpotent directions gives the
formulae. ♠
As an alternative proof we could restrict ωr to µc = 0 and then do ordinary Kahler
reduction. The formula (2.26) is equivalent to the case t2 = 0 of the formula (2.22) which
is easily seen by shifting the ψ-variables4, see the analogous manipulations in the section
devoted to instanton moduli.
3. Definitions of the volume
In this section we are going to deal with the non-compactness which didn’t allow us to
perform a large t2 evaluation of the formula (2.22). Indeed,M(~ζ) is in general noncompact,
and of infinite volume in a sense of ordinary Riemannian geometry.
Suppose that the space M is acted on by a group H in a Hamiltonian way such that
for some ǫ ∈ h the Hamiltonian Hǫ = 〈µh, ǫ〉 is sufficiently positive at infinity. Then the
definition is
a.) The Hamiltonian regularized volume is:
Volǫ(M) =
∫
M
e̟−Hǫ (3.1)
Consider the case where X is a linear space. This space always has a U(1) symmetry
which commutes with the action of the group K, namely (z, w) 7→ (eiθz, eiθw). This
action does not preserve the hyperkahler structure but preserves the kahler form ωr. If
4 It has been remarked to us by A. Losev in 1995
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ζc = 0 then this action descends to the quotient space M(ζ). In fact, the corresponding
Hamiltonian coincides with the Kahler potential κ and it descends to the quotient even if
ζc 6= 0 since it is K -invariant. In this case the Hamiltonian regularized volume is called
kahler regularized volume.
Another natural Hamiltonian is Hǫ = Tr{µrA, µcB}c where {, }c is the Poisson bracket
in the holomorphic symplectic structure. This regularization is called ghost regularization.
It will in general differ from the kahler regularization if K is not simple.
We have for the hyperkahler metric: volg = (̟
r)2m = (̟c ∧ ¯̟ c)m so the ǫ→ 0 limit
of (3.1) would give the Riemannian volume of M if only it existed. Quite analogously we
can define regularized intersection numbers, taking the integrals (2.22) and inserting e−Hǫ .
Notice that in order to define the kahler or ghost regularized volume we don’t actually
need ζc to vanish.
3.1. Doing integrals straightforwardly
Before addressing the issue of existence of Hamiltonians Hǫ which generate some
symmetries of the quotientsM(~ζ) we can express the kahler and ghost regulated volumes as
integrals over the corresponding linear space X using the normal form theorems. Applying
(2.26) we have (we changed the notation (φ,Hc, H¯c)→ ~H):
Volǫ(M) =
∫
M
(̟c ∧ ¯̟ c)me−Hǫ =
1
Vol(K)
∫
k⊗IR3
d3 ~H
∫ ∏
A
dχcAdχ¯
c
A
∫
Vˆ⊕Vˆ ∗
ℓ∏
α=1
d4Xαd4Ψα exp
[
I1 + Igh + Ireg
] (3.2)
where the action is given by
I1 = i
1
2TrH
AX†τAX +
1
2TrρΨ
†Ψ+ iTrHAζA
Igh = χ¯
AχB
(
z¯α{TB, TA}αβzβ + wα{TB, TA}αβw¯β
)
(3.3)
and
Ireg =
{
−ǫTrX†X , kahler
−ǫTrX†τAτAX , ghost
and HA, ρ, ζA are anti hermitian matrices
HA =
(
HAr H
A
c
−HAc −HAr
)
ρ =
(
ρr ρ¯c
−ρc −ρr
)
(3.4)
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(so φr, ρr are imaginary). Now, the above expressions are useful because they are Gaussian
in X,Ψ, hence we can do the integrals. Doing the Gaussian integrals we arrive at the
formula:
Theorem. The regularized symplectic volumes of Hyperkahler quotients are given by the
formula
(2π)2ℓ
∫
k⊗IR3
dimK∏
A=1
d3 ~HA
∫
dχcAdχ¯
c
A
exp
[
iTr ~HA~ζA
]
detN
(3.5)
N = ǫR + iφA ⊗ TA + κη¯AηB1⊗ {TA, TB} (3.6)
where R is the regulator matrix. It is 1 for kahler regularization and τ2A for ghost regular-
ization.
3.2. Doing integrals using localization
It turns out that one can considerably simplify the formula (3.5) in the case ζc = 0.
What is needed is the existence of a linear action of H such that µc is transformed non-
trivially under its action. For the action of H to descend down toM it is sufficient for the
equation µc = 0 to be invariant under the action of H. By going to the maximal torus we
may assume that H is the torus itself. In fact, we only need a one-dimensional subalgebra,
generated by ǫ. With respect to this subalgebra the trivial bundle kC ×X as well as its
sub-bundle tC ×X split as sums of line bundles. We require that the latter has no zero
weight components. In this case there is a
Theorem. Suppose that ζc = 0, and that the induced action Λk(ǫ) of Vh(ǫ) on kC (which
makes µc H-equivariant) is such that the operator A = Λk(ǫ) + ad(φ) is non-degenerate
for generic φ. Then
Volǫ(M(ζr) =
∫
k
Dφr
Vol(K)
eiφ
r ·ζr Detk
(
Λk(ǫ) + iadφ
r
)
DetV⊕V ∗ (ΛX(ǫ) + iφ
r
ATA)
(3.7)
Here we denoted by ΛX(ǫ) the linear operator on X which is the derivative of Vh(ǫ) at
x = 0. The measure in (3.7) is invariant under the adjoint action of K. It implies that the
integral in (3.7) can be reduced to the integral over the maximal Cartan subalgebra t ⊂ k:
Volǫ(ζ
r) =
∫
t
DtZǫ
[M(ζr)](t)) (3.8)
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The measure Zǫ is the measure in (3.7) evaluated at the element t ∈ k times the Vander-
monde determinant and Dt is the standard Euclidean measure. The proof of (3.7) involves
some use of equivariant cohomology and all the essential ingredients are already explained
in the previous section, except for the remark concerning the non-compactness of the quo-
tient space. We said there that in order for the manipulations with “mass terms” to make
sense some sort of compactness is required. Now the regularization we choose provides
such a compactness in the sense that the forms we integrate exponentially fall at infinity.
The formalism with equivariant cohomology must be slightly modified to take into account
the action of the regulating group H. The derivative D gets promoted to Dǫ = D+ ιVh(ǫ).
The troublesome term D〈χc, H¯c〉 becomes Dǫ〈χc, H¯c〉 which is non-degenerate on χ’s by
assumptions of the theorem.
Notice that (3.7) also suggests the interpretation of the equivariant volume ofM(~ζ) as
of the generating function of the interesection numbers of Chern classes of certain bundles
over the “half” M(ζ) of M(~ζ) defined by the symplectic quotient of V by the action of K
at the same level ζr.5
3.3. Hyperka¨hler regularization
The last definition is the most symmetric in a sense that it preserves the hyperkahler
structure and is the direct analogue of the “equivariant volumes” of [25]. Unfortunately,
this definition is rarely useful, because it requires a tri-holomorphic action on M of the
torus of dimension 1
4
dimM which is rather non-generic. Nevertheless, suppose thatM(~ζ)
is acted on by the torus T of the stated dimension and let ~ǫ ∈ t⊗ IR3 (all examples studied
in [26] obey this condition).
b.) Hyperkahler regularized volume:
Vol~ǫ
(
M(~ζ)
)
=
∫
M(~ζ)
volge
〈~ǫ,~µt〉 (3.9)
It essentially reduces to the Hamiltonian regularization in case where ǫ ∈ t⊗(IR ⊂ IR3).
5 Integrals which are similar to those in this paper have been studied in [24].
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3.4. Example: volume of a point
The volume of a point computed with the help of Hamiltonian regularization is in-
structive. We take X = IH = C2 = {(b+, b−)} and K = U(1). The standard K action
is:
(b+, b−) 7→ (eiθb+, e−iθb−)
and the hyperkahler moment map is given by:
~M = (|b+|2 − |b−|2)~e3 + b+b−~e− + b+b−~e+ (3.10)
relevant integral involves first:∫
dηdη¯
∫
d2b+d
2b− exp[i~φ · ~M − ǫ(| b+ |2 + | b− |2) + 2ηη¯(| b+ |2 + | b− |2)]
=
∫
dηdη¯
1
(ǫ− 2ηη¯ − i|~φ|)(ǫ− 2ηη¯ + i|~φ|)
=
4ǫ
(ǫ2 + ~φ2)2
(3.11)
(To do the gaussian integral it is convenient to use rotational invariance to put φ into the
3 direction.) Finally, one must do the integral:∫
d3~φe−i
~φ·ζ 4ǫ
(ǫ2 + ~φ2)2
= e−ǫ|
~ζ| (3.12)
In this case all regularizations agree and produce the same result since the reduced
space is point. There is not much freedom here!
4. Examples: four dimensional hyperkahler manifolds
4.1. Asymptotically locally euclidean spaces
Consider the famous ALE gravitational instantons. In the An case the metric on the
space Xn(~ζ) is given by the following explicit formula where the space is represented as an
S1 fibration over IR3 which has singular fibers over n+ 1 point ~ri ∈ IR3:
ds2 = V d~r2 + V −1(dτ + ω)2 (4.1)
where ~r ∈ IR3, V = V (~r), ω ∈ Ω1(IR3), dω = ⋆3dV , and the potential V is given by:
V =
n+1∑
i=1
1
|~r − ~ri| (4.2)
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The moduli of the space are ~ζi = ~ri+1 − ~ri, i = 1, . . . , n. We now represent the An ALE
spaces Xn(~ζ) as a hyperkahler quotient, following [27]. We take
X =
n∏
i=0
C2 = {(bi,i+1, bi+1,i)|i = 0, . . . n+ 1 ≡ 0},
K =
n∏
i=0
U(1)i/U(1)d ∼=
n∏
i=1
U(1)i = {eiθl |l = 0, . . . n}/U(1)d,
H = U(1) = {eiα}
(4.3)
and the action of the groups is as follows
bi,i+1 → ei(α+θi−θi+1)bi,i+1
bi+1,i → ei(α+θi+1−θi)bi,i+1
(4.4)
The Ka¨hler regularized volume can be computed from our generalized integral formu-
lae above. After some computation the integral can be reduced to the intuitively pleasing
form:
Volǫ(Xn (ζ)) =
∫
Xn(~ζ)
e−ǫκ volg (4.5)
which can be written more explicitly as
Volǫ(Xn (ζ)) = (2π)
∫
IR3
d3~r
n+1∑
i=1
1
|~r − ~ri|e
−ǫ
∑
n+1
i=1
|~r−~ri|. (4.6)
This expression is divergent as ǫ→ 0, but it has an expansion
Volǫ(Xn (ζ)) =
A0
ǫ2
+
A1
ǫ
+ A2 +O(ǫ) (4.7)
where Ai are the analytic functions of the ~rj ’s, invariant under the permutations, as well
as the diagonal action of the group of Euclidean isometries E(3) = IR3 ×O(3). By scaling
symmetry Aj scales like Aj → λjAj under ~rj → λ~rj . Thus, A1 = 0, A2 ∝
∑
j ~r
2
j −
1
n+1
(∑
j ~rj
)2
. To fix the proportionality constant, we employ the following trick.
By our definition, the regularized “volume” is A2. This function can be evaluated as
follows. First note that the leading divergence in Volǫ(Xn (ζ)) for ǫ → 0 comes from the
region ~r →∞. The integrand simplifies in this region and we find
Volǫ (Xn (ζ)) =
8π2
n+ 1
1
ǫ2
+O(ǫ)
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Next, note that for each j, j = 1, . . . , n+ 1, the integral satisfies the differential equation:
(∇2j − ǫ2)Volǫ (Xn (ζ)) =
− 8π2e−ǫ
∑
i
|~ri−~rj | − 4πǫ
∫
d3~r
1
|~r − ~rj |
∑
i6=j
1
|~r − ~ri|
 e−ǫ∑n+1i=1 |~r−~ri| (4.8)
The integral on the right hand side is formally of order ǫ but due to the divergence of the
integral as ǫ→ 0 at large ~r this term is in fact
−16π2 n
n+ 1
+O(ǫ)
Using this and plugging (4.7) into (4.8) we find that A1(~rj) = 0 and that
A2 = −4π2 n
n+ 1
(∑
j
~r2j +
∑
i6=j
κij~ri · ~rj
)
(4.9)
where κij are some constants. Now we use the fact that the answer must be translation
invariant to conclude
A2 = −4π2
(n+1∑
j=1
~r2j −
1
n+ 1
(
∑
~rj)
2
)
(4.10)
This result can be written more compactly as follows. For each component (in IR3) of
~rj form the vector in an auxiliary space ρ = (r1, r2, . . . , rn+1) (where we omit the index
in IR3 for clarity). Since (4.10) is translation invariant we can assume that
∑
i ri = 0,
and therefore ρ is a vector in the root space of An. Note that the simple roots satisfy
αi · ρ = ri+1 − ri = ζi, i = 1, . . . , n. But that means ρ =
∑n
i=1 ζiλi where λi are the
fundamental weights. But λi · λj = Cij , the inverse of the Cartan matrix for An, and
hence we find
n+1∑
j=1
~r2j −
1
n+ 1
(
∑
~rj)
2 =
n∑
i,j=1
~ζiC
ij~ζj (4.11)
so we have
Volǫ(Xn) =
8π2
n+ 1
1
ǫ2
− 4π2
n∑
i,j=1
~ζiC
ij~ζj +O(ǫ2) (4.12)
and hence we obtain the elegant result for the regularized volume of the An ALE space:
−4π2
n∑
i,j=1
~ζiC
ij~ζj (4.13)
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Remarks
1. It is worth noting that the answer depends on ζr. From the QFT perspective, our
integral is a model for a gauge theory with complexified gauge group KC. Thus, the ζ
r
dependence of the volumes is an anomaly in the noncompact part of the complexified
gauge group KC. If we simply added ghosts we would expect slice-independence: that
is the whole point of Faddeev-Popov gauge fixing. In fact, the slice parameter ζr
for the principal KC bundle does matter. In order to see this dependence we must
regularize with ǫ. In the ǫ → 0 limit we discover, contrary to naive expectations, ζr
dependence.
2. When ζci = 0 and the points ~rj lie on a single line and we can take ~rj = (0, 0, zj). In
this case the integral simplifies to
= (2π)2
∫
dzrdr
∑ 1√
(z − zi)2 + r2
e−ǫ
∑√
(z−zi)2+r2
=
(2π)2
ǫ
∫
dze−ǫ
∑
|z−zi|
(4.14)
This is an elementary integral which can be done exactly. Note that although we could
do the integral explicitly, in precisely this case the Ka¨hler potential can be viewed as
a Hamiltonian, generating a flow on Xn(ζ
r). So, we can apply the Duistermaat-
Heckmann theorem. The fixed points are the intersection points of the spheres, where
bi,i+1 = bi+1,i = 0. Another way to evaluate the integral is by acting with the
differential operators d
2
dz2
j
to extract the order ǫ0 term, which is once again quadratic
in the zi. In any case, we confirm the result (4.12). A nice interpretation of the
regularized volume is that it is the area of the difference between the graphs of H(z) =∑
i |z − zi| and H0(z) = (n+ 1)|z − zcm| where zcm = 1n+1
∑
i zi.
3. Let us compare our Ka¨hler regularized volume with that defined by the hyperkahler
regularization of the volume. This gives∫
Xn(ζ)
ei~ǫ·(~r−~rcm)volg =
8π2
ǫ2
∑
i
ei~ǫ·(~ri−~rcm) (4.15)
where ǫ = |~ǫ|, and we have subtracted ~rcm := 1n+1
∑
~rj from the hyperka¨hler moment
map to preserve translation invariance. If we expand in ~ǫ, the term of order ǫ0 depends
on the direction ǫˆ = 1ǫ~ǫ. Therefore, we average over directions to obtain
Volǫ (Xn (ζ)) =
8π2(n+ 1)
ǫ2
− 4π
2
3
n∑
i,j=1
~ζiC
ij~ζj + · · · (4.16)
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recovering the previous answer, up to a factor of three. It seems that this factor of
three has something to do with the hyperka¨hler moment map having three times more
components then the ordinary moment map, and so this should be a universal feature
of the hyperka¨hler versus Ka¨hler regularisations. We do not, however, have a good
understanding of this fact.
4. The hyperka¨hler regularized volume can also be obtained via a naive cutoff on the
radial integral as follows. We begin with the naive integral for the volume:∫
Xn(ζ)
√
gd4x = 2π
∫
IR3
d3r
n+1∑
j=1
1
|~r − ~rj | (4.17)
Next, we cut off the integral at ~r → ∞ by putting an upper bound on the radius.
More precisely, in order to preserve translation invariance we integrate over the region
|~r − 1
n+ 1
∑
~rj | < R
where R is a cutoff. Next we use the elementary integral∫
|~r−~b|<R
d3~r
1
|~r − ~a| = 2πR
2 − 2π
3
|~a−~b|2. (4.18)
In this way we obtain:
VR = (2π)
2(n+ 1)R2 − (2π)
2
3
n+1∑
j=1
(~rj − ~rcm)2 (4.19)
and we recover the regularized volume:
−(2π)
2
3
n∑
i,j=1
Cij~ζi · ~ζj (4.20)
This is not surprising since it is related to the hyperka¨hler regularization by a Fourier
transform.
5. A striking aspect of the regularized volumes is that they are negative definite functions
of the moduli. Blowup up a singularity reduces the volume of the total space. This can
be understood to be a very general feature of blowing up manifolds in toric geometry:
The toric polytope of the blown up space is obtained by removing a part from the
toric polytope of the original space. Indeed, this picture leads to an alternative way
to compute these volumes (see the end of remark 2 above).
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6. One can view ALE spaces as degenerate K3 manifolds. More precisely, near a point
where K3 has a singularity of A,D,E type the relevant part of K3 looks like the
corresponding ALE space. The volume of K3 is finite as it is compact manifold. Its
variation near the point of degeneration may be studied using our simple integrals
without knowledge of the exact metric on K3. Of course, in this case the answer
essentially is given by the intersection form so there is no real simplification. But
in the subsequent cases the intersection theory itself of the quotient is unknown or
cumbersome.
4.2. Taub-Nut spaces
ALE spaces are special examples of gravitational instantons - they solve the four
dimensional Einstein equations in Euclidean signature. Close relatives of ALE spaces are
ALF spaces, or Taub-Nut manifolds. The metric on Taub-Nut space is of the same form
(4.1) with V = 1 +
∑
i
1
|~r−~ri|
. Therefore the naive regularization of the volume will lead
to the same result as in the ALE case. Let us check whether it is true for the Kahler or
similar regularization. Taub-Nut spaces can also be realized as hyperkahler quotients of a
flat hyperkahler space [26]: one starts withC2n⊕IR3×S1 = {(zl, wl)|l = 1, . . . , n}⊕{(t, ~x)}
which is acted on by U(1)
n
as follows.
θl : (z
l, wl) 7→ (eiθlzl, e−iθlwl); (t, ~x) 7→ (t+
∑
l
θl, ~x) (4.21)
with the moment maps:
~µl = (|zl|2 − |wl|2 − xr, zlwl − xc, z¯lw¯l − x¯c) (4.22)
where ~x = (xr, xc, x¯c), xr ∈ IR, xc ∈C. The generic Taub-Nut space Yn(~ζ) is obtained by
imposing the constraints:
~µl = ~ζl (4.23)
and solving them modulo (4.21). In the case ζcl = 0 the regularizing U(1) action can be
chosen to act as follows:
eiα : (zl, wl) 7→ (eiαzl, eiαwl), l > 1; (t, ~x) 7→ (t, xr, eiαxc) (4.24)
with the Hamiltonian H:
H = |xc|2 +
n∑
l=1
|zl|2 + |wl|2 (4.25)
We see that H does not constrain the t, xr directions. Actually, t is gauged away by
(4.21) while its xr is constrained by (4.23). Thus we expect to get a finite answer for the
regularized volume. The result is identical to (4.14).
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5. Hitchin spaces and Bethe Ansatz
5.1. The setup
Consider a G = U(N) gauge theory on a Riemann surface Σ of genus g. The gauge
field A = Azdz+Az¯dz¯ can be thought of (locally) as a g-valued one-form. The topological
sectors in the gauge theory (choices of a bundle E) are classified by c1(E) =
1
2πi
∫
Σ
TrF ∈ ZZ
- a magnetic flux of the U(1) part of the gauge group. If we project the abelian part out in
order to study the SU(N)/ZZN theory, then there is w2(E) ∈ ZZN - a discrete magnetic flux,
corresponding to π1(G/U(1)). Denote the space of all gauge fields in a given topological
sector as Ap, p = 〈w2(E), [Σ]〉. The gauge group G acts in Ap in a standard fashion:
A 7→ Ag = g−1Ag+ g−1dg. The cotangent space T ∗Ap is the set of pairs (A,Φ) where Φ -
a Higgs field is a g-valued one-form, more precisely, a section of the bundle ad(E)⊗Ω1(Σ),
Φ = φzdz+φ
†
z¯dz¯. The Hitchin equations [28][29] can be thought of the hyperkahler moment
map equations for the natural action G on T ∗Ap:
µr = Fzz¯ + [φz, φ
†
z¯]
µc = ∂¯φz + [Az¯, φz]
(5.1)
The quotient M = ~µ−1(0)/G is called a Hitchin space. It is a hyperkahler manifold. By
construction, it has a natural U(1)-action [29]:
eiθ : (A, φz, φ
†
z¯) 7→ (A, eiθφz , e−iθφ†z¯) (5.2)
This action preserves the form ωr, decsending from:
ωr =
∫
Σ
TrδA ∧ δA+ δΦ ∧ δΦ (5.3)
and is generated by the hamiltonian H, descending from
H = ‖Φ‖2 =
∫
Σ
Trφφ† d2z (5.4)
We define the regularized volume of M to be:
V (ǫ) =
∫
M
exp(̟r − ǫH), ǫ > 0 (5.5)
Since M is a quotient by the gauge group one can rewrite the integral (5.5) as a partition
function of a certain two dimensional gauge theory, generalizing the one studied in [21]. In
19
the following we repeat the analysis of the sections 2, 3 in a gauge theory langauge. Recall
the field content of the gauge theory, computing the volume of the moduli space of flat
connections [21]:
A,ψA, φ (5.6)
with the nilpotent supercharge Q0:
Q0A = ψA, Q0ψA = dAφ, Q0φ = 0 (5.7)
which squares to a gauge transformation Q20 = LV (φ) generated by φ. The charge Q0 is a
scalar, so ψA is a fermionic one-form with values in the adjoint, φ is a scalar with values
on the adjoint (not to be confused with the Higgs one-form!). The action of the theory is
S0 =
∫
Σ
TrφF + 12ψAψA
In our problem, the original set of fields is to be enlarged as we start with T ∗Ap rather
then Ap. We add
Φ, ψΦ (5.8)
to take care of that. Now we also impose three conditions rather then one F = 0 as it used
to be in [21], so we need more Lagrange multipliers, or actually two more Q0 - multiplets:
Hc, χc; H¯c, χ¯c, (5.9)
The action of Q0 gets promoted to
Q0Φ = ψΦ, Q0ψΦ = [φ,Φ],
Q0χ
c = Hc, Q0H
c = [φ,Hc]
(5.10)
and S0 generalizes to
S˜0 = S0 +Q(R)
R =
∫
Σ
Tr
(
ΦψΦ + χ¯
cµc + h.c.
)
(5.11)
The last modification has to do with the fact that we have an extra symmetry in the
problem, namely the U(1) of (5.2). Since Q0 is the equivariant derivative it is easy to
modify it to take care of (5.2):
Qǫ = Q0 + ǫQ,
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where Q acts as follows:
QA = QψA = Qφ = 0
QΦ = 0, Q(ψΦ)z = φz, Q(ψ¯Φ) = −φ†z¯
Qχc = Qχ¯c = 0, QHc = χc, QH¯c = −χ¯c
(5.12)
Finally, the action of our gauge theory assumes the form:
Sǫ = S0 +Qǫ(R) (5.13)
with R still given by (5.11).
There are three ways of evaluating the partition function
Z(ǫ) =
1
Vol(G)
∫
DφDADΦDψADψΦD2 ~HD2χe−Sǫ (5.14)
The first and the most direct one consist of integrating out the Lagrange multiplers
~H, thus enforcing the moment map equations and thereby reducing (5.14) to (5.5).
The second approach, similar in spirit to [21][30][31][32], uses the localization with
respect to the action of G, thereby reducing (5.14) to the sum over the fixed points of the
action of T - the T -valued gauge transformations. This reduces the theory to the abelian
one and will lead, as we will see presently, to the Bethe Ansatz equations.
The third approach uses the localization of (5.5) onto the fixed points of the (5.2),
studied (for G = SU(2)) by Hitchin in [29]. The comparison of the second and the third
approaches leads to an interesting set of identities, which we discuss only in one simple
situation.
5.2. Localization by the gauge group.
Using the Qǫ invariance of our theory we modify the action in such a way that the
integral becomes more tractable. We add our favorite mass term and throw away the terms
Qχcµ¯c. In this way we get a new action
S˜ǫ = S0 +Qǫ(
∫
Σ
Tr
(
ΦψΦ + χ¯
cλc + h.c.
)
)
which is quadratic in χc-λc, Φ-ψΦ and essentially quadratic in A-ψA. The evaluation of
the partition function ∫
D(. . .)e−S˜ǫ
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proceeds as follows. Fix a gauge
φ = diag(l1, . . . , lN ),
∑
lk = 0 (5.15)
which corresponds to a decomposition of the bundle E into a sum of the line bundles
E =
⊕
k
Lk (5.16)
with the Chern numbers
c1(Lk), nk =
∫
Σ
c1(Lk) (5.17)
which should obey the following selection rule:
∑
k
nk = w2(E)modN (5.18)
Then the gauge field A decomposes as A = Aab+A⊥, Aab being the t = Lie(T ), T = U(1)N
gauge field, and A⊥ the component of A in orthogonal complement to t. The action is
quadratic in A⊥-ψ⊥A . Integrating out all these multiplets together with the Faddeev-Popov
determinant for (5.15) we get the ratio of determinants:
DetΩ0⊗g/t(adφ)
DetΩ1⊗g/t(adφ)
DetΩ0⊗g(ǫ+ iadφ)
DetΩ1⊗g(ǫ+ iadφ)
(5.19)
Here g denotes the bundle E ⊗ E∗ − I ≡ ⊕i,jLi ⊗ L−1j − I, g/t denotes ⊕i6=jLi ⊗ L−1j .
As usual, the determinants naively cancel, but the infinite-dimensionality of the situation
makes them cancel only up to the determinants acting on the spaces of zero modes, whose
dimension is given by the Riemann-Roch formula:
dimΩ0 ⊗ L− dimΩ1 ⊗ L = c1(L) + 1− g (5.20)
Note that the similar situation was encountered in the derivation of Verlinde formula from
the gauged WZW theory, using localisation techniques [32][31], so we can apply the similar
technique2006. In our case there is an important complication, though.
2006 We thank A. Gerasimov for the clarifying discussion on this subject, important for the
remainder of this section.
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The ratio of the determinants is easily calculable for the special background φ,
namely for the covariantly constant one. In general, the regularization preserving the Qǫ-
invariance, would produce also the Aab and ψab dependent couplings. The Qǫ-symmetry
fixes them in terms of two functions, the induced superpotential W (φ) and the induced
background charge T (φ). These two functions are calculated below. The general technique
of calculating effective actions in terms of observables of topological gauge theory, using
index theory, is developed in [33].
Without the detailed knowledge of W and T we can do the integral over the rest of
the fields, namely, Aab as well as lk’s and ψ
ab
A . The rest of the action together with the
induced terms is given by∫
Σ
[∑
k
(
lk +
∂W
∂lk
)
Fk +
1
2
∑
i,j
(
δij +
∂2W
∂li∂lj
)
ψi ∧ ψj
]
+
∫
Σ
T (~l)
1
8π
R(2) (5.21)
where ψabA = diag(ψ1, . . . , ψN ), Fk is the curvature, corresponding to the k’th entry of
Aab, and R(2) is the two dimensional scalar curvature. In writing (5.21) we have dropped
possible Qǫ-exact terms, as they do not affect the result. We have (5.17):∫
Σ
Fk = 2πink
Although the connection Ak in the bundle with nonvanishing nk is not a one-form on Σ
the difference of two such connections A′k−Ak is a one-form αk. Fix a metric on Σ and let
hk be a harmonic representative of the cohomology class of Fk. Then, for any connection
in this topological sector we may write
Fk = hk + dαk
for some one-form αk, defined up to a gauge transformation αk 7→ αk + dβk. Integrating
αk out together with the gauge fixing forces lk to obey dlk = 0. At the same time we
can split ψk = ψ
h
k + δψk, where ψ
h
k is a harmonic one-form, and δψk is orthogonal to the
space H1 of harmonic one-forms. The integral over δψk cancels the determinant induced
by the integral over αk. Therefore, our integral reduces to the sum over topological sectors
nk, the integral over ψ
h
k and the integral over the constant diagonal matrices φ with the
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measure
Zp(ǫ) =
∑
~n
∫
~l
exp
(
2πi~l · ~n)ν~l(ǫ) κg~l (ǫ)
ν~l(ǫ, ~n, g) = exp
(
2πi
∑
k
nk
∂W
∂lk
+ (g − 1)T (~l)) =∏
i6=j
(li − lj)ni−nj+1−g
∏
i,j
(
ǫ+ i(li − lj)
)ni−nj+1−g
~l = (l1, . . . , lN), ~n = (n1, . . . , nN )
(5.22)
where
κ~l(ǫ) = det
(
δij +
∂2W
∂li∂lj
)
(5.23)
is induced by the integral over the fermionic zero modes, ψhk . Both the sum and integral
are restricted:
∑
l = 0,
∑
n ≡ pmodN . We can relax the condition on n’s by introducing
a factor e−2πip
∑
l in the integral and dropping the requirement
∑
l = 0.
Finally, we have two options. Either we first take the sum over ~n or we first take the
integral over ~l. The summation over ~n is easily performed if we notice that (5.22) can be
rewritten as
Zp(ǫ) =
∫
~l
D~l e−2πip
∑
k
lk ν1−g~l
κ~l(ǫ)
g
∑
~n
N∏
k=1
e2πinkχk
χk = lk +
N + 1
2
+
∂W
∂lk
= lk +
N + 1
2
+
1
2πi
∑
j 6=k
log
ǫ+ i(lk − lj)
ǫ− i(lk − lj)
ν~l = ǫ
N
∏
i<j
l2ij(ǫ
2 + l2ij), lij = li − lj
(5.24)
The sum over nk leads to the delta function on χk supported at integers, or, in other
words, the integral in (5.24) localizes onto the solutions of the equations2006:
−e2πilk =
∏
j 6=k
lk − lj − iǫ
lk − lj + iǫ (5.25)
A look at [16], Eqs. (228) and a formula below Eq. (291) there suggests that this equation
(5.25) is nothing but the Bethe Ansatz Equation for the Non-linear Schro¨dinger model
(NLS) ! Under this identification ǫ maps to the coupling g of the NLS Hamiltonian:
HNLS =
∫
dx
(
|∂xψ|2 + g(ψ∗)2(ψ)2
)
(5.26)
2006 It was noticed in [34] that the original version of this paper missed the κ~l(ǫ) factor in (5.22).
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In the strong NLS coupling limit g → ∞, ǫ →∞ and (5.25) turns into lk ∈ ZZ + N2 , with
the usual fermionic exclusion principle.
The second option is to integrate ~l out keeping ~n fixed and then to sum over ~n. This
approach seems to be equivalent to
5.3. Localization via U(1) action.
The fixed points of the U(1) action (5.2) on M necessarliy have TrΦr = 0, i.e. they
form a submanifold of the nilpotent cone N ⊂ M. Let Sα be a connected component of
the set of fixed points. As explained in [29] the bundle E splits into a sum of line bundles:
E = ⊕Lk
The contribution of Sα is the standard integral
Zα = e
−ǫdα
∫
Sα
e̟
r
Euǫ(Nα)
where dα is the value of ||Φ||2 on Sα (it is easy to express it in terms of c1(Lk)), Nα is the
normal bundle to Sα and Euǫ is its equivariant Euler class. By summing up Zα we get
another expression for (5.24) thus establishing a curious identity obeyed by solutions of
Bethe Ansatz equations (5.25). We hope to elaborate on this point in future publications.
6. Volumes of the moduli spaces of instantons
6.1. Gauge theory approach
Let X be a hyperkahler manifold of dimension 4l and let A denotes the space of gauge
fields in some principal G-bundle E over X . Let ~ω be a triple of Ka¨hler forms on X and
~π be the corresponding triple of Poisson structures. Then A carries the following (formal)
Ka¨hler forms:
~Ω =
∫
X
〈~π,TrδA ∧ δA〉dvolg (6.1)
where dvolg is the metric volume form and 〈, 〉 is the usual contraction. They are invariant
under the gauge group action:
A→ Ag = g−1dg + g−1Ag, (6.2)
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and the hyperkahler moment map is
~µ = 〈~π, F 〉 (6.3)
The hyperka¨hler reduction of the space A by the action of the gauge group K produces a
manifold M which is infinite-dimensional unless l = 1.
Suppose X is a compact four-dimensional hyperkahler manifold, i.e. K3 or T 4. Then
the result of the hyperkahler reduction of the space of the gauge fields produces a finite-
dimensional hyperkahler space, which is nothing but the moduli space Mk of instantons
on X of a given instanton charge k. This space posesses a natural compactification and
has finite volume. It depends on the volume of X . In fact, one can deduce from [35] that
Vol(Mk) = 1
N !
Vol(X)N (6.4)
where Vol(X) is computed with the help of the Kahler metric and N is the quarter of the
real dimension of Mk.
As mentioned above, one of the motivations for this work is the desire to understand
the QFT formula for the number of “four-dimensional conformal blocks” [4]:∑
i
(−1)i dimHi(M+(c1, c2);Lω) =
∫
M+(c1,c2)
ch(Lω)Td(T 1,0M+) (6.5)
This is related to the gauged WZW4 theory. Let us rescale the form ω = kω0 and take the
limit k → ∞. In that case (6.5) becomes: kdimM+/2Volω0(M+). In the WZW2 theory
this leads to expressions for the symplectic volume of the moduli space of flat connections
in terms of ζ-functions [21]. In the WZW4 theory from the path integral expression we
obtain:
ZGWZW4ω → kdimM
+/2
∫
[dAdψdχdHdϕ]
volG
exp
{
− i
4π
∫
X4
Tr
[
H¯0,2F 2,0 + ϕω0 ∧ F 1,1 +H2,0F 0,2
+ω0ψ ∧ ψ¯ + χ¯0,2DAψ + χ2,0D¯Aψ¯
]} (6.6)
This theory has been considered in [36][37] (where it was called holomorphic Yang-Mills
theory). On a hyperkahler manifold we can identify the (2, 0), (0, 2) Donaldson fermions
with η:
χ2,0 = ωcη
χ0,2 = ω¯cη¯
(6.7)
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Integrating out ψ, ψ¯ from the HYM lagrangian we produce all parts of the above action
for computing volumes described above.
If the manifold X is non-compact it is necessary to regularize the volume to get a
well-defined result. One natural regularization uses the Ka¨hler potential [38]:
κ→
∫
X4
κ(xµ)TrF 2 (6.8)
where κ(xµ) is the Kahler potential of X , equal to
∑ | ~r − ~ri | for ALE space.
Now suppose that X is IR4 or an ALE manifold. The theory with (6.8) added to
the action reduces, upon localization to the moduli space of instantons, to the “Ka¨hler
regularization” used in this paper.
In case where X is ALE manifold there is another natural term to add to the La-
grangian: ∫
κ0(x)TrF ∧ F + lim
r→∞
∫
S3r
ι(
∂
∂r
)[ωTr(ǫF )]
where κ0(x) is the Ka¨hler potential of X and ǫ is a generic diagonal matrix. As shown by
Nakajima, this generates a torus action on the moduli space of instantons on Xn(~ζ). The
fixed points are the fully reducible connections, i.e., the theory can be abelianized. On the
other hand, the moduli spaces of instantons on IR4 and ALE manifolds can be described
using ADHM construction. The latter realizes the moduli space as a finite-dimensional
hyperka¨hler quotient. We may therefore apply our techniques directly in finite-dimensional
case. We shall do it in the next section.
6.2. Volumes of ADHM moduli spaces
In the case where the space X is non-compact the moduli space of instantons on X
might have a nice finite-dimensional description. For example, the instantons on IR4 with
the gauge group U(k) are described by the hyperkahler quotient with respect to the group
K = U(N) of the space V ⊕ V ∗ where V = k⊕CN ⊗Ck, with CN being the fundamental
representation of K. The FI term ζ vanishes in this case. We can consider a slightly
deformed space with ζr 6= 0. Applying (3.7) we arrive at the formula for the regularized
volume:
VolN,k(ζ
r, ǫ) = 2N
∫ N∏
l=1
eiζ
rφldφl
ǫ (φl(φl + 2iǫ))
k
∏
i<j
φ2ij(φ
2
ij + 4ǫ
2)
(ǫ2 + φ2ij)
2
(6.9)
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It is interesting to study this integral in large N limit. We can rewrite it (after a shift:
φl → φl + iǫ) as a partition function of a gas of N particles on a line with the pair-wise
repulsive potential
V rep(x) = log
(
1 +
ǫ2
x2
)(
1− 3ǫ
2
x2 + 4ǫ2
)
(6.10)
in the external potential, attracting to the origin in the limit ζr = 0:
V ext(x) = klog(ǫ2 + x2) (6.11)
Assuming the existence of the density of the eigenvalues in the large N limit we get the
following equation for the critical point∑
i<j
V rep(φij)
′ = −V ext(φi)′ ⇒
v.p.
∫
ρ(x)dxV rep(x− y)′ = 2k
Nǫ2
y
y2 + ǫ2
(6.12)
This equation can be solved in a standard way using the Fourier transform. It seems that
the non-trivial limit exists only if N and k are taken to infinity with k/N fixed.
The moduli space of instantons on IR4 is acted on by the rotation group Spin(4) =
SU(2)L × SU(2)R. The Cartan subalgebra of its Lie algebra is two dimensional and is
spanned by two elements (ǫ1, ǫ2) which generate rotations in two orthogonal planes in IR
4.
The corresponding equivariant volume is a slight modification of (6.9):
Volǫ1,ǫ2(ζ
r) =
(ǫ1 + ǫ2)
N
ǫN1 ǫ
N
2
∫ N∏
l=1
eiζ
rφldφl
(φl(φl + ǫ1 + ǫ2))
k
∏
i6=j
φij(φij + ǫ1 + ǫ2)
(φij + ǫ1)(φij + ǫ2)
(6.13)
Remark. In the case N = 1 ζ 6= 0 the hyperKa¨hler quotient coincides with Hilbert scheme(
C2
)[N ]
of points on C2. The integral (6.13) can be further evaluated by residues, which
turn out to be enumerated by all Young tableaux Y of length N , and the contribution
of a given Young tableau is computed as follows. The tableau encodes the partition of
N = ν1 + . . .+ νl with the condition that ν1 ≥ ν2 ≥ . . . ≥ νl. Let us enumerate the boxes
in the tableau by the pairs of integers (m,n), where 1 ≤ m ≤ l, 1 ≤ n ≤ νm. Then the
integrand in (6.13) has a pole at
φm,n = −ǫ1(m− 1)− ǫ2(n− 1)
Moreover the residue can be rather easily evaluated using the results of [5].
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Another example where the moduli space of instantons is given by the hyperkahler
quotient is the instantons on ALE spaces. For concreteness we consider the U(k) instantons
on An−1 ALE space. The topology of the gauge bundle is specified by the vectors ~w and
~v which enter Kronheimer-Nakajima construction [39]. We present the result.
Voln;k,~w,~v(~ζ, ǫ) =
e−
∑
i
ζivi
∫ n∏
i=1
[
vi∏
α=1
 eiζiφαi dφαi
(ǫ2 + (φαi )
2)wi
∏
α<β(φ
αβ
i )
2
(
(φαβi )
2 + 4ǫ2
)
∏vi+1
β=1
(
(φαi − φβi+1)2 + ǫ2
)
] (6.14)
where φαβi = φ
α
i − φβi .
7. Regularized volumes of quiver varieties
The formulae (6.14)(6.9) can be readily generalized to cover the case of general quiver
variety (again with the restriction ζc = 0) [39][2]. So assume that a quiver Γ is given. Let
Ω denote the set of its oriented edges. There is an involution ι : Ω → Ω which sends an
oriented edge to the same edge of opposite orientation. Let V ert be the set of its vertices
v. There are two maps s, t : Ω→ V ert, assigning to an edge its begining (source) and the
end (target). To each vertex a hermitian vector space Lv and to every element ω of Ω a
vector space Hω = Hom(Ls(ω), Lt(ω)) are assigned. Let lv = dimLv. The space
VΓ =
⊕
ω
Hω (7.1)
is naturally acted on by the group
GΓ = ×vU(Lv) (7.2)
and this action preserves the hyperkahler structure on VΓ. The quiver variety XΓ(V, ~ζ) is
defined for V ⊂ V ert, ~ζ : V → IR3. It is the hyperkahler quotient of VΓ with respect to
the subgroup GV,Γ of (7.2):
GV,Γ = ×v∈V U(Lv) (7.3)
Let
l∨v =
∑
ω:s(ω)=v;t(ω)∈V ert\V
lt(ω) (7.4)
29
Applying (3.7) we arrive immediately at:
Volǫ(XΓ(V, ~ζ)) =
e−
∑
v
ζrv lv
∫ ∏
v∈V
lv∏
α=1
 eiζrvφαv dφαv(ǫ2 + (φαv )2)l∨v
∏
lv≥β>α
(φαβv )
2
(
ǫ2 + (φαβv )
2
)
∏
ω∈Ω:s(ω)=v,t(ω)∈V
∏lt(ω)
β=1
(
ǫ2 + (φαv − φβt(ω))2
)1
2

(7.5)
This example covers a lot of interesting hyperkahler manifolds, complex coadjoint
orbits of GLN (C) among them, for example T
∗CIPN with Calabi metric and deformed
cotangent bundles to generalized flag varieties (see for example [2]).
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